In Bataineh (2003) [2] we studied the type one invariants for knots in the solid torus. In this research we study the type one invariants for n-component links in the solid torus by generalizing Aicardi's invariant for knots in the solid torus to n-component links in the solid torus. We show that the generalized Aicardi's invariant is the universal type one invariant, and we show that the generalized Aicardi's invariant restricted to n-component links in the solid torus with zero winding number for each component is equal to an invariant we define using the universal cover of the solid torus. We also define and study a geometric invariant for n-component links in the solid torus. We give a lower bound on this invariant using the type one invariants, which are easy to calculate, which helps in computing this geometric invariant, which is usually hard to calculate.
Introduction
Vassiliev invariants for knots in the solid torus were studied by many authors. Some of these authors studied Vassiliev invariants of general types in the solid torus. See [4] for Goryunov. Some other authors studied Vassiliev invariants of general types for knots in a large class of three manifolds involving the solid torus. See [6] for Kalfagianni. In 1995, F. Aicardi [1] defined a Laurent polynomial type one invariant S for knots in the solid torus. This polynomial is a finite sum that runs over all crossings in a given diagram of the given knot. Each term in the sum involves the sign of a crossing and the winding numbers of the two lobes at that crossing.
Given a singular knot with one double point in the solid torus, the double point divides the knot into two lobes. Let the winding numbers of the two lobes be n and m. Let v(K ) = t n + t m , then v forms a singular knot invariant. By means of a theorem of Kalfagianni in [6] , we can get a type one invariant from v by what is called integrating v. Moreover, the resulting invariant turns out to be Aicardi's invariant S. By KST we denote the set of knots in the solid torus. We proved in [2] that Aicardi's invariant is a universal type one invariant; that is if Aicardi's invariant fails to distinguish two knots, then any type one invariant will fail too. By KST 0 we denote the set of knots with zero winding number in the solid torus. In [2] we defined a sequence {λ n } of type one invariants for knots in KST 0 using the universal cover of the solid torus ST and the usual linking number. It turns out that this sequence, which can be viewed as a polynomial Λ, is the universal type one invariant for knots in KST 0 . Also, this polynomial turns out to be the restriction of Aicardi's invariant into knots in KST 0 .
By LST n we denote the set of n-component oriented links in the solid torus, and by LST n 0 we denote the set of ncomponent oriented links in the solid torus, where each component has zero winding number in the solid torus. In this research we study type one invariants for links in LST n 0 generalizing our results in [2] from knots into links in the solid torus. Moreover, we define a geometric invariant (the wrap) for links in the solid torus. For the origins of this geometric invariant see [5] . As an application, we study the relationship between the type one invariants and this geometric invariant.
In Section 2 we introduce all the concepts and terminologies that will be used in the later sections. We also give and develop some of the basic results that we will stand on when we build the other sections.
In Section 3 we generalize Aicardi's invariant in [1] into an invariant for n-component links in the solid torus. We define an invariant {λ im } of type one for links in LST n 0 using the universal cover of ST and the usual linking number by generalizing the invariant {λ n } that we defined in [2] . We show that the invariant {λ im }, which can be viewed as a polynomial with n variables is the universal type one invariant for links in LST n 0 . This polynomial invariant turns out to be the same as our generalization of Aicardi's invariant when the last is restricted to links in LST n 0 . In Section 4 we study a geometric invariant, which we define for links in LST n 0 , and we give a bound for this invariant using the type one invariants. This geometric invariant is special for the solid torus, and it is hard to calculate, but relating it to the type one invariants enables us to compute it for some links in the solid torus, which provides us with an application for the results of the previous sections.
Preliminaries
Let ST be the closed solid torus defined by:
A knot in the solid torus ST is the image of a piecewise-linear (PL) one-to-one mapping f :
As in the definition of knots in R 3 , we consider a knot in ST to be oriented knot with an orientation induced from that on S 1 . A link L in the solid torus ST is a finite ordered collection of knots in the solid torus ST that do not intersect each other. Since φ is the identity function on the boundary of ST, φ induces the identity isomorphism on π 1 (ST), which implies that flipping over the solid torus is not a legal move.
A link diagram for a link L in the solid torus is a projection of L to the annulus {(x, y):
} in the xy-plane with the information on overpasses and underpasses at the points of intersection. A diagram of a link in the solid torus can be viewed as a punctured diagram, as in Fig. 1 . 
Note that ψ is a well-defined function because φ is the identity map on the boundary of the solid torus. Also, by Gluing Lemma, ψ is an orientation-preserving homeomorphism of R 3 that preserves the orientation of the knots such that ψ(K 1 ) = K 2 . Now we are in a position like that in the proof of Theorem 1 in [5] . Note that φ is ambient isotopic to the identity map since φ is the identity on the boundary of ST. Hence ψ is ambient isotopic relative to N to the identity map. So we get an isotopy of R 3 relative to N which takes L 1 to L 2 . Projecting this isotopy into the xy-plane we see a diagram D 1 of 
The usual proof that this can be accomplished by a finite sequence of Reidemeister moves can now be done. 2
A singular knot K in ST is the image of a PL-mapping f : S 1 → ST, which is one-to-one except for a finite number of points on S 1 , where it is two-to-one, and the corresponding points of intersection of K = f (S 1 ) occur at right angles.
A singular link L in ST is a finite ordered collection of singular knots in the solid torus ST that do not intersect each other except for a finite number of times, where they intersect at right angles too.
Like in the case of links in R 3 , we shall call a point of intersection of a singular link L a double point, a singular point, or a vertex of L. A singular link in ST might also be given an orientation for each of its components; each orientation is induced from the orientation on S 1 .
Two singular knots (links) are said to be isotopy equivalent if we can get from a diagram of one of them to a diagram of the other by a finite sequence of the five generalized Reidemeister moves. See [7] .
Let K n be the set of singular knot types with n double points. Let 
where G is an abelian group, is said to be a Vassiliev invariant or a finite-type invariant if it satisfies two axioms first given by Birman and Lin [3] :
The least such non-negative integer n is called the type or order of υ. K + and K − are usually called the positive and negative resolutions of K × , respectively, and part (i) in the definition is usually denoted by resolving this double point in K × .
The definition of finite-type invariants was extended to links in a similar way by Stanford [9] . An equivalent definition for finite-type invariants was also given by Stanford in [8] . If n + 1 is the least non-negative integer for which all such sums above are zero, then n is called the type or order of υ.
Note that if each s i has one crossing then the sum above is what we get by treating each s i as a double point and resolving using the rule
Goryunov in [4] defined marked chord diagrams of singular knots in the solid torus ST as follows: given an oriented singular knot K in ST, construct its chord diagram as if it is a knot in R 3 . Fix a generator of the fundamental group π 1 (ST) = Z. A double point of the singular oriented knot K divides it into two parts called lobes, each of which has its winding number in ST write the corresponding winding number on the side of the corresponding chord in the diagram that faces the preimage of the corresponding lobe (see Fig. 2 ). The circle of the diagram is also marked with the winding number of the whole knot. The sum of the two integers on each chord is equal to the marking of the circle. The circle of the marked chord diagram is oriented counter-clockwise implicitly.
For a singular link L, each component is represented by a circle. A singular point in a component of the link is represented by a chord inside the corresponding circle with two numbers on the chord. A singular point between two different components of the singular link is represented by a chord without numbers between the corresponding circles.
Two singular knots L 1 and L 2 in the solid torus with the same number of double points are said to be related if one can get one of them from the other by a set of crossing changes and a finite sequence of generalized Reidemeister moves.
The following lemma is given by Goryunov in [4] . 
Now we show our statement by induction on e. Recall that we denote by KST 0 , the set of all knots in the solid torus such that the winding number of the knot is zero.
there is no need for involving both i 1 (p) and i 2 (p) in the definition of S(K ) where
where the sum is taken over all crossings p, and |i(p)| = |i 1 (p)| = |i 2 (p)|.
Proposition 2. [S 0 (K )](t) is a type one invariant of knots K
∈ KST 0 .
Proof. This follows from the fact that [S(K )](t) is a type one invariant and that [S 0 (K )](t) is the composition of the invariant [S(K )](t) with the well-defined linear operation of taking a Laurent polynomial to its terms with positive powers. 2
We generalize Aicardi's invariant as follows:
is an ordered n-component link, and 
S(L i ) (t
and lk ij is the usual linking number between the i-th and the j-th components ignoring the solid torus and treating the two components as if they where in R 3 .
Theorem 1. k is a Vassiliev invariant of type one for n-component links in ST.
Proof. k is a finite sum of type one invariants and hence it is a type one invariant. 2
If L n ∈ LST n 0 then, the generalization of Aicardi's invariant becomes:
Note that, since k 0 is a restriction of k to links in LST n 0 , k 0 is a Vassiliev invariant of type one for n-component links in LST n 0 .
Construction of the invariant {λ mn }
Consider the universal cover of ST viewed as the infinite closed solid cylinder: We extend lifting of knots in the solid torus to links in the solid torus as follows
Let a, b im and c ij be constants from an abelian group A. Define
Note that this sum turns out to be a finite sum, because only finitely many of the invariants λ im are nonzero when evaluated at L n .
Proposition 3. μ 1 is a Vassiliev invariant of type one.
Proof. Let L n be a singular n-component link with at least two singular points, then 
Fix (1 i 0 < j 0 n) and let P i 0 j 0 and N i 0 j 0 be the positive and negative resolutions of I i 0 j 0 , then
Hence, for v 1 and μ 1 to be equal, we chose a
The above sum makes sense because for any component L i , only finitely many of the invariants λ im are nonzero. So, the invariant Λ i takes values in the abelian group Z[t i ] * of polynomials with integral coefficients and zero constant term. The following theorem says that our invariant Λ is the same as the generalized Aicardi's invariant for L n ∈ LST n 0 .
Now we define
Λ L n = n i=1 Λ i (L i ) + 1 i< j n lk ij L n z ij . Corollary 2. Let L n 1 and L n 2 be links in LST n 0 such that Λ 1 (L n 1 ) = Λ 2 (L n 2 ). Let v be any type one invariant in V 1 /V 0 , then v(L n 1 ) = v(L n 2 ). Proof. Λ 1 (L n 1 ) = Λ 2 (L n 2 ) implies that n i=1 Λ i (L i1 ) = n i=1 Λ i (L i2 ), and n i=1 lk ij (L n 1 )z ij = n i=1 lk ij (L n 2 )z ij , which implies that v(L n 1 ) = v(L n 2
Theorem 4. Λ(L
Proof. Since Λ and k 0 are type one invariants they would be equal if they have the same initial data. We can define the wrap using the link diagrams as the minimal number of intersections of all diagrams of links isotopy equivalent to L n with the straight line segment S = {(0, y):
} of the annulus A = {(x, y): Proof. Let K be a knot diagram of a knot in KST 0 . Let n be the degree of S 0 (K ). If n = 0, the inequality is trivially true (wrap(K ) 0). Let n = 0. Suppose that wrap(K ) = r, then there exists a knot diagram K isotopy equivalent to K that intersects the straight line segment S in r points. Since n = 0, we have λ n (K ) = 0, which implies that the diagram of K has a crossing with winding numbers {n, −n}. Proof. 
